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Two methods are proposed for successive approximations of the value
function of a pursuit game with limited time and with payoff function
mifery 1 A (z (), y (1)),  which are used directly for the constructive
design of successive pursuit and evasion strategies which permit e-optimal
strategies to be found in any &> 0 , Necessary and sufficient con-
ditions for some function to be the value function of the pursuit game
being analyzed are derived as well. References [1-3] were devoted to
sequential methods of constructing the value function or the payoff mini-
max in game problems of encounter at a specified instant, These methods
were used in [1, 2] to construct maximal stable bridges the strategies
extremal to which solve the corresponding problem, as is well known

from [4], Sequential procedures for constructing maximal stable bridges
without a preliminary construction of the value function or the payoff
minimax also were examined in [1, 2] and in [5].

1. Let the motions of a pursuer P and an evader £ be described by the equations
.‘.'C. = f (xa u)1 T = Rna u = KI' (1 1)
vy =g@v, y=R", vcKyg (1.2)

where Kp C R* and Ke C R are convex compacta. We make the following
assumptions concerning system (1,1} (( 1. 2)):

a) the function 7§ (z, u)(g (¥, v)) is defined and continuous on R"™ X
Kp (R™ X Kg) and satisfies a Jocal Lipschitz condition in z (y) with a constant not
depending on u (V);

by 1@ W <A+ lzh) (gl <A1yl a>0
for all (x, u) & R"X Kp ((y, V) = K™ X Kg);

c) the measurable program controls u (+) (v () with values from Kp (KEg)
are the admissable controls;

d) the set {f (z, u) [ue= Kp} ({g (y, v) | v & KE)}) is convex for any

z= R (y=R™) .

Further, we assume as specified the initial state (Zq, ¥o, I') & R® X R™ X
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(R, \\ {0}) of the game, where %o & R" and Y, & R™ are the initial
positions of players P and £, while I’ & RIN\{0} (R,! = {t <= R'|t > 0})
is the game's duration,

We define the class of strategies of player P (£) as follows, A strategy U7 (V")
is an ordered collection of mappings UU'? = (a%, . . ., a°) (Vi =", ..., b))
givenon B™ X R™X (R, \ {0}) . The mapping a' (b") for ;= [0 : 7]

(i = 10 : rl) associates with the state (2, ¥, ) & R"X R™ X (R \ {0})
an admissable control u; (+)(v; (+)) together with its interval [0,¢; >, t; & (0, ¢,
where for ie=[1:ql (e [1:7]) either [0, 8 >=10,8), t = (0. 1), or

[0, t; > = [0, ¢], while [0, t; > == [0, t]when i =0 .

Let us explain how the strategy U? (V") is realized in the game from the initial
state (2% ¥°, t°) & R" X R™ X (R \ {0}). The mapping 4% (b") associates
with the initial state an admissible control  4q (1), & [0, t, > (v (v),

v & [0, t->>) which determines the solution of Eq, (1.1)((1.2)) on the appropri-
ate interval, with the initial condition  (0) = 2° (y (0) = ¥°). 4s a consequence
of the assumptions a)~-c) made this solution :xists and is unique on the whole inte-
val [0, t,} (IO, t,]). Then, when ¢ = Q (r = 0) or when [0,.t, > = [0, t°]

(10, t. > = [0, t°]) by a realization of strategy U? (V") we mean the correspon-
ding solution of Eqs. (1, 1) ({1, 2)). However, wheng > 0 (r >> 0O)and

[0, t, > =10, 1), t, & (0, ©°) (I0, t, > = [0, t), t. € (0, 1))
we consider the state (z!, y.' 1) (=%, yt, %)) whichisrealized by the
instant %, (fy). In this state now the mapping q?-! (b"-') determines on the correspon-
ding interval the solution of Zq. (1. 1) ((1.2)) with initial condition z (0) = =z, (y
(0) = y,!) by means of the admissible control Ug-y (*) (Ur—1 (+)).Continuing

further, similar arguments convince us that any strategy U (V) in the game from
the initial state (2°, 3°, I°) generates, in general, jointly with some strategy V (U )
the unique solution of Eqs,(1.1) and ((1L.2): z (t) = a (£, 2° 1 U, V) (y () = y (¢,

¥ | U, V) now defined on the whole interval [0, °], with the initial condition

z (0) = 2° (y (0) = ¥°). (Here we admit that in the formation of this solution some
of the mappings a' (b%), i & [0 : 5], s < ¢ (s << r)may be unessential.)

The payoff function in the game from the initial state (Zq, ¥, 7) in the situation

(U, V) is defined by the equality

K @y yoo T|U, V) =tg@[in£f (@ (2), ¥ (1) (1.3

() =z (t, 2ol U, V)andy (t) = y (t, ¥o | U, V), where the function H(z, y)
is defined and continuous on R™ X R™. We assume that player £ maximizes ~nd
player P minimizes (1,3), We note as well that we are examining a game with com-
plete information, i.e,, each player knows the opponent's dynamics and the game's
current state, In addition, if necessary we assume that the players know the entire
previous history of the game.

To solve the game from the initial state (s Yo T ) we imbed it into a set of
states Ds, where

I)5 — U U C!-t' (T) % (‘7!~£' (y) w0 {t,}
(x, ¥, DESgxe, yo, Y [0, 1]
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Ss (Zoy Yoy T) (C R* X R™ X R.' isa closed sphere of radius & & (0, 71 with
its center at (x, Yo, T)and C"* (z) (C*-" (y)) is the attainability set of system
(1. D ((1.2)) from the initial position x (0) = z (y (0) = y) by the instant ¢ — ¢".
With the assumptions a)-d) made the sets C' (z) (C* (y)) for any z & R" (y & R™)
and f & R !and, consequently, the set Ds, are compact [6]. We introduce the
notation Ds° = {(z, y, t) = Ds |t > 0}.
2, Definition 1, Leta functionw (-) be defined on Ds. We say that func-
tion w (-) belongs to a set W_ (Ds) if:
VHw(x,y, 0) = H (z, y) for any point (z, ¥, 0) & Dy;
2w () & C (Ds) (C(Ds) is a set of functions continuous on Ds
3) a strategy V'’ of the player E exists such that the inequalities K (, ¥, ¢ |
U Vi>w(@y 9 and w (@ z|U, V), y@yllU V)i—
) > wr,y t) forall T [0, ] withsome t', T & (0, t]are valid at
each point (z, y, t) & Ds for agy strategy U of player P .
Lemma 1. Set W_ (Ds)is nonempty.
To prove the lemma it is sufficient to consider the function

wiz,y, )= max min  min H §(7), n(7)) (2.1)
OV UMEIS=Y LENE= (M)

where 4' () (4 (¥)) is the set of solutions of system (1, 1) ((1. 2)), realized under
all possible admissible controls % (+) (v (+)} in the interval [0, ¢] with the initial
condition z (0) = z (y (0) = y). As is well known from [6] if conditions a)-d) are
fulfilled, the sets A! (2) (A’ (y))for anyz & R" (y & R™)and ¢t = R,! are com-~
pact in the metric of the space of continuous functions,
We define an operator @_ : C (Ds) — C (Ds) by the following rule: for any func-

tion w (-) = € (Ds)

O _cw(x,y, )= max max min (2.2)

[0, ]2 =47 2 IS4

min{w (1), n(v), t — 1), n[un H (E(0), n(9)}

We can show that operator'®_ maps space C (Ds) into itself,

Theorem 1, Operator @_ maps W_ (Ds) into itself and the inequality
@_ o w (+) > w(-)is valid for any function w (-).&= W_(Ds) ,

Proof, Let w' (-) & W_ (D). We show that @_ o w' (-) & W_ (Ds):
Taking into account the remark preceding the theorem, it is sufficient to show that
the function @_ o w' (.) satisfies condition 3) of Definition 1 because the validity of
condition 1) of this definition is obvious for function ®_ - w’ (), Since w' () &

W_(Ds), astrategy V' of player E exists with properties relative to &’ (-)
formulated in condition 3) of Definition 1, For definitenesslet V' = V™ = (¥,

., B%). We shall seek a strategy V'’ of player E, with similar properties re-
lative to function M@_ o w’ (+),in the form ¥’ = ¥+l = (B™1, . . ., b°). We
determine the mapping 57*! from the condition that with the point (x y, t) = Dy
it associates an admissible control v’ (1), v & [0, "> to which there corresponds
a solution M’ () & A™’ (y) realizing jointly with ©' the maximum in the right-hand
side of (2, 2) wherein w (-) should be replaced by ¥’ (-).We remark that t’can al-
ways be chosen as positive because condition 3) of Definition 1 is valid for w' ().
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Further, we set b' = b'yi & [0 : rleverywhere on D5’
We shall show that the strategy 1" constructed is the one required., We fix an arbitrary

strategy U of player P and an arb1trary point(z, y, t)&Ds°.Let &' (1) =E (v, z | U,
V'), © e [0, v'], where T’ is determined by mapping 5”1, It is easy to see that
we can fmd a strategy U’ of player P such that

Ky t|U,V)=min{KE& ), ), t—1|U,V),
glléi%'{{](g' ©), " (9))}

Hence, taking into account the property of strategy V' and the selection of control v’ (1),
t & [0, v’ > by means of mapping j"+1 we obtain

K (z,y, t|U, V') > min {w' (§ (v'), ' ('), t — ), (2.5)
min = H (8 (6),n" 0))} > C_cw' (z, y, ?)

< [0, <’}

in addltlon, taking into account that ' (v) =0 (v, y, V' (*)) =0 (v, y | U. V),
& [0, 7’1, we obtain

O_ow E(t,z|U, V), n(t,y| U, V'), t— 1) > min
E(HeA” (@)

min {w' (£ ('), 0" (v), t — '),
min f_f,](‘é ©), m" ()} = D_ow (2, ¥, 1)

8 [0, <

for all T & [0, t’]. Thus, condition 3) of Definition 1 is fulfilled for function
D_ow ().

To prove the last assertion of the theorem we note that the inequality

D_ow (x, Y, £) > min {U)' (x1 Y, t), H (x9 y)}

is valid for any point (z, y, t) & D3.On the other hand, allowing for the choice of stra-
tegy V' of player E,we obtain H (z, y) > K (z, y, t| U, V') >w' (z,
y, t). Consequently®d_ o w' (2, ¥y, 1) > w' (x, y, ) at each point (z, g, 1) E
Ds. The theorem is proved.
We select an arbitrary function w, (+) & W_ (Ds) and we construct successive
approximations: for n > 0
D_ow,_; (+) =w,(+) 2.4
We also construct the sequence of strategies {V,}n—, of players £ : V, is the strategy
for which, according to Definition 1, the inequality K (z, y, t | U, V) > wy (%, ¥,
t) is valid at each point (z, y, t) & D5’ for any strategy U of player P; each of the
strategies V,, n > 0 is constructed according to strategy V- and according to
the approximation w,_; (+) in the same way as in Theorem 1, By the construction of the
sequences {Vu}neo and {wy (-)}n—y the inequality K (z, y,t] U, Vo) > wn (2, y,
t) is valid at each point (z, y, t) & D¢ for any n, for any strategy U of player P.
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Theorem 2, 1. For any initial approximation from W_ (Ds) the successive
approximations (2, 4) converge uniformly on Ds to some function w* (). Functionw™(+)
is continuous on  Ds and satisfies the equation

D_ow () =w() (2.9

2. Function w* (+) is the value function of the family I's of games from initial
states (z, ¥, 1) & int Ds® and, consequently, the limit Agf the successive approximations
(2.4) is independent of the initial approximation from W_ (Ds). .

8, For any £ > 0 there exists V such that for n > N strategy Vy is an £ -opti-
mal strategy for player £ in each game of famity Ts.

Proof, The proof of the uniform convergence of sequence {wn (+)}n=o reduces,
as a consequence of its monotonicity w, () < wy () <, ... < wn {+) <, ... tO

establishing the uniform boundedness and equicontinuity of the set of functions
{wn (+)}n=0 The corresponding proof is quite cumbersome and therefore ,
it is not oresented here,  As a corollary of the uniform convergence we obtain that
that w* (-) & C (Ds), addition, function w* (.) satisfies Eq. (2.5) (it should be no-
ted here that the operator @_: ¢ (Ds) — C (D;) is continuous),

Let us show that in each game from the initial state (z, y, {) =int Ds° we can

find, for eache > 0 a pair of strategies V, and U,such that the inequalities

K(x7 y?ti Uv Ve)>u’* (:c, Y, t)-——g
K (:17, Y, tl Us, V)é w* (x, Y, t) + & (2.6)

are valid for any strategies /' and V This signifies that w* (-)is the value function of
the game family I's. The sequence {w,(-)}n-, converges.uniformly to w* (-), there~
fore, an N exists such that v (w* () — w, (+)) < & for all ny > N, where v
is a norm in space C (Ds). Let ny >> N. We consider an arbitrary point (z, ¥, t) &
Ds°, then by the choice of n, we obtain

K(xi y’ tl U’ Vm)>wno($, y’ t) >w* (xi y’ i) — &

for any strategy U of player P. Thus, if we set Ve = V,,, the first of inequalities (2. 6)
is proved, Now we note that if the second of inequalities (2, 6) has been proved, the third
assertion also will have been proved. Here, however, we shall assume that (x, y, 1) &
int Ds°. The construction of a strategy I, for which the second of inequalities (2.6)
is valid at a point (2, ¥, t) & int D° does not present fundamental difficulties., In =
deed, since w* (-) satisfies Eq, (2.5), the corresponding strategy can be constructed by
using the inequality

w*(r,y, Y > min min{w* E @), n), t — 1),
IS4

min H (§(6), n(6)}
0o, =]

(2.7

valid for any (2, ¥, ) = Ds°, 1 = [0, t] and n (-) & A* (y). The formal construc-
tion of strategy U, is effected with the aid of an auxiliary game in which knowledge
of the preceding realization of player £ control on some small interval is used and
whose current state is considered to be the state (§, y, ¢t — k), & &= C™2)for a suffi~
ciently small % >, 0 and.hot the state (z, y, ) of the original game, The latter calls
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for restricting the use of inequality (2,7) only for points (§, ¥, t — h) & D%, £ &

C" (z) suchthat (z,.y, {) & int Ds°.We omit the details of the construction of stra-
tegy U, .Since the value function is unique on set int Ds° and since w* (-) & C
(Ds) and the closure of int Ds° coincides with Ds, the successive approximations (2,

4) converge to one limit independently of the initial approximation chosen from W_ (Ds).
The theorem is proved,

3) Definition 2,Suppose that the function w (-) has been defined on Ds. We
shall say that function w (-) belongs to set W, (D) if:

1wz, y, £) < H (2, y) for any point (z, y, 1} & Dy° and w (z, y,0) =

H (z, y)for any point (%, ¥, 0) = Ds;

Dw ()= C D)

3) a strategy U’ of player«P exists such that for any strategy V of player £ the in-
equalities K (z, ¥, t| U, V) w(z, yt) and wig(r,z|U, V), yfr
y| U, V),t—1) < wlxy t) arevalid at each point (z, y, 1) & Dy’ for all

1= [0, 7] with some v, v = (O, ¢l

Note 1, A certain difference of condition 1) of this definition from the corres-
ponding condition in Definition 1 is explained by the fact that the inequality w (z, ¥,

1y < H (%, y), (z, y, t) &= D was certainly fulfilled as a consequence of condi=
tion 3} (see the proof of Theorem 1),
Lemma 2, Set W, (Ds) is nonempty,
To prove the lemma it is sufficient to consider the function
we, ¥y, 1) = min max min H{E(T), n(1) (3.1
el (el =, 1)

We define the operator @, : C (Ds) - C (D3) by the following rule s for any func-
tion w (-) & C (Ds)
G ow(r,y,t)= min  min max
c€[0, 1] BHed (@) (Ie4 W) (3.2)

min{w (§(t), n(v), t — 1), gggnq H (& (8), n(8))}

Theorem 3, Operator @, maps W (D) into itself and the inequality @,
o w (-) < w (+)is valid for any function w (-) &= W, (Ds)

We fix an arbitrary function g, (-} & W, (Ds) and we construct successive ap~
proximations by the following rule: for p > 0

®+°wn—1(‘):{l}ﬂ(') (3.3)

We also construct the sequence {Un}n=o of strategies of player P : U, is the stra-
tegy for which, in accord with Definition 2, the inequality K (x, y, t| Uy V) <
W, (z, y, 1) is valid at each point (z, y, t) & Ds’. for any strategy V of player E;
each of the strategies Uy, n > 0 is constructed from strategy U,_, and from approxi-
mation ;’n-,—x (-) by analogy with Sect, 2. By the construction of the sequences {U,
Yn=o and {@, (-)}n-, the inequality K (z, ¥, t | Un, V)< Wn(®, y, 1) is valid for
any 7 at each point (z, y, t) & Ds° for any strategy V of player E.

Theorem 4, 1. For any initial approximation from W, (Ds) the successive
approximation (3, 3) converge uniformly on Ds' to some function w* (-).
Function w* (.) is continuous on Dj and satisfies the equation
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@, 0w ()= wl() (3.4)

2, Function w* (.) is the value function of the family I's of game from initial
states (z, y, t) & int Dy’ and, consequently, the limit of the successive approxima-
tions (3. 83) is independent of the initial approximation from W, (Ds).

3. For any & > 0 there exists V such that for n > N strategy U, is an g-optimal
strategy of player P in each game of family T'.

Corollary (from theorem 2 and 4), The common limit w* (-) of the successive
approximations (2. 4) and (3, 3) is the value function of the family of games from initial
states (x, y, 1) & D;° and in each game of this family the e-optimal strategies can
be found by using the strategy sequences {V,}ny and {U,}n-0

Proof ., Since w* (-) is the common limit of the successive approximations (2.
4) and (3.3), for any ¢ > 0 we can find N such that for all n > Nthe inequalities

K(x7 yvtlUv Vn),}"wn (1,‘, Y, t)>W* (.Z', Y, t) — &
K(zvy’tIU‘nv V)<\wn (‘zvyv t)<w*(a:, Y, t)+8

are valid at each point (z, y, t) & D;° for any strategies U and V. This proves the requi-
red statement,
Note 2 If we are interested only in the solution of the game from the initial state
(%o, yo, T), then, as we see from the corresponding constructions, to determine the
game's value and the e-optimal strategies there is no need to imbed the state (zo. %o,
T) into set Dy but it is sufficient to imbed it into set D, where
D= te[g., TJCT“* (x) X €Tt (yo) % {1}
State (zg, yo, I) was imbedded into set D5 solely for the purposes of the proof.
Note 3 ., Theorems 2 and 4 contain the proof of the existence of the game's
value and of the e-optimal strategies, In contrast to [7-9], here we have proposed a
construction method for strategies solving, in the sense of the third assertions in Theo-
rems 2 and 4, the pursuit game being analysed, In addition, in those papers, treating
the differential game as the limiting case of an »- step game, an essential condition
in the proof of the limit theorems was that the step length in the r-step game tends to
zero as n - oo, Here, however, as we see, we did not assume the a priori fulfillment
of any such similar conditions,
4, Theorem 5, Leta function w* (-) be defined and continuous on
R" X R™ X R,l. Alolet w* (z,y, )< H (2, y) forall (z,y, 1) =
R® X R™ X R and w* (x, y, 0) = H (x, y)for ali(z, y) & R" x R™.Then
the following statements are equivalent,
1. Function w* (-) is the value function R" x R™ X R/
2, Function w* (-) satisfies the system of equations

O_ow()=w() @, ow()=w() (+1

3, Punction w* (-} satisfies the equation
(D_ow‘{.) :(I)+ow(.) (4'2)
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Proof, The implication 1. => 2 follows from Theorem 2 and 4. The implication
2. =+1 can be proved by introducing two auxiliary multistep games progressing
turn-by-turn: in one game player P takes the first turn and in the other, player £
(the latter auxiliary game was already mentioned in the proof of Theorem 2), Implica-
tion 2, = 3 is obvious, Let us show that 3. => 2, Suppose that function w* (-)
satisfies Eq.(4.2). We take an arbitrary point (2, ¥y, t) & R" X R™ X R.', then,
allowing for the inequality w* (x, y, t) < H (z, y), we obtain

w* (z, y, £) = min {w* (z,y, 1), H (z, )} < P_ow* (2,4, 1) =
@, ow* (z, y, t) < min {w* (z, y, ), H (&, )} = w* (2, y, 1)

Consequently, function w* (+) satisfies system {4, 1), The theorem is proved,

Note. 4. The method of successive approximations of the value function or of
the payoff minimax was examined in [1, 2] for a game of encounter at a specified in-
stant, having the general game dynamics:z’ = f (z, u, v). In this connection we note that
if the exposition in [4, 9] is followed, then the results of the present paper can be carried
over without essential changes to the differential game with game dynamics of general
form (under a saddle-point condition for the small game [4]) and, respectively, with
a payoff function Mill.oy, 1y H (* (1)). We note as well that the approach proposed here
to the solving of the pursuit game being considered, as well as the similar approaches
in [1-3, 5] in which other formulations of the game problems of dynamics were exami-
ned, enables us to find the solution of both regular (see [4.17]) as well as nonregular
game problems,

REFERENCES

i, Chentsov, A, G., On the structure of an encounter game problem. Dokl. Akad,
Nauk SSSR, Vol, 224, N26, 1975,
2, Chentsov, A.G., Ona game problem of encounter at a specified instant, Ma-
tem, Sb., Vol,99, N23, 1976,
3. Chistiakov, S, V,and Petrosian, L, A., On one approach to solving a pur-
suit game. Vestn, Leningrad, Gos,Univ,, N21, 1977,
4, Krasovskii,N,N, and Subbotin, A,I,, Position Differential Games,
Moscow, "Nauka", 1974,
5. Chentsov, A, G,, On a guidance game problem, Dokl. Akad, Nauk SSSR,
Vol, 226, N21, 1976,
6. Roxin, E,, The existence of optimal controls, Mich, Math, J., Vol,9, Ne2, 1962,
7. Petrov,N,N,, Existence of a value of a pursuit game, Differents. Uravnen.,
vol. 7, Ne5, 1971,
8. Fleming, W, H,, The convergence problem for differential games, J, Math,
Anal, Appl., Vol,3, N1, 1961,
9, Friedman, A., On the definition of differential games and the existence of
value and of saddle points, I, Diff, Eqts,, Vol.7, K21, 1970,
10, Krasovskii, N, N,, Game Problems of the Contact of Motions, Moscow,
"Nauka", 1970,

Translated by N, H, C,




